SOME PROPERTIES OF LUBIN-TATE COHOMOLOGY FOR 
CLASSIFYING SPACES OF FINITE GROUPS 

ANDREW BAKER AND BIRGIT RICHTER 

Abstract. We consider brave new cochain extensions F{BG+, R) — > F{EG+, R), where R 

is either a Lubin-Tate spectrum En or the related 2-periodic Morava K-theory Kn, and G is a 

finite group. When R is an Eilenberg-Mac Lane spectrum, in some good cases such an extension 

is a G-Galois extension in the sense of John Rogues, but not always faithful. We prove that for 

" ' ' ■ En and Kn these extensions are always faithful in the Kn local category. However, for a cyclic 

I ' p-group Cpr , the cochain extension F{BCpr,, En) — > F{ECpr,, En) is not a Galois extension 

f^ , because it ramifies. As a consequence, it follows that the iJ„-theory Eilenberg-Moore spectral 

rvq ' sequence for G and BG does not always converge to its expected target. 

>>■ 
C^ ■ 

1. Introduction 

CO . In the algebraic Galois theory of commutative rings [B], faithful flatness is a property im- 

,__i| plied by separability. However, in the topological analogue, the brave new Galois theory of 

f— ( ■ Rognes [19j, this is not true. The simplest counterexample, due to Ben Wieland |20j, is pro- 

■^ , vided by the C2-Galois extension 

^ \ (1.1) F{BC2+,H¥2) -^ F{EC2+, i^Fs) ~ H¥2 

^ I which is not faithful. This example relies on the algebraic fact that 

' ''■ 7r,iFiBC2+,H¥2)) = H-*iBC2;¥2) 

^«0 ' is a polynomial algebra and so has finite global dimension. 

J^ . In this note we consider this question for a Lubin-Tate spectrum £"„ and the related Morava 

\^ [ X-theory K^, and show that for any finite group G, the extension 

i2 ■ (1-2) E^^ = F{BG+,En) -^ F{EG+,En) - E^ 

VO ' is faithful as an i5^„-module. We also show that the non-commutative extension 

O : (1.3) F{BG+,Kn) -^ F{EG+,Kn) ~ K^ 

1" ■ is faithful and F{BG-\-, Kn) is a faithful E'^-module. A crucial difference from F{BG-^-,H¥p) is 

that K*{BG-f-) is always an Artinian algebra over (Kn)*, and so if K*{BG^) ^ K* then it has 
infinite global dimension by Proposition 12.21 

3 . Our approach to this involves introducing an analogue of the algebraic socle series for a 

module over an Artinian ring, and we show that this behaves well enough to prove our result. 
We show in Section [5] that for a cyclic p-group Cpr, the cochain extension F{BGpr_^,En) — > 
F{ECpr En) is ramified and hence it is not a Galois extension. As a consequence it follows 
that the -E^-theory Eilenberg-Moore spectral sequence for such groups does not converge to its 
expected target, whereas work of Tilman Bauer indicates that this is not the case for Morava 
X-theory. 
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Notation, etc. In discussing purely algebraic notions we will often use boldface symbols 
A,M, ... to denote rings, modules, etc, while for topological objects such as 5-algebras and 
their modules we will use italic symbols A,M,..., thereby hopefully reducing the possibility 
of confusion between the two settings. For an associative S'-algebra A, we denote by !^a the 
derived category of 74-module spectra defined in |71 chapter III, construction 2.11]. 

We follow Lam [121 theorem 19.1] in using the phrase local ring to indicate a ring with a 
unique maximal left ideal (necessarily 2-sided and equal to its Jacobson radical); the quotient 
of such a ring by its Jacobson radical is a division ring. For non-commutative rings other 
terminology is often encountered such as scalar local ring. 

Brave new Galois extensions. The following definition of a Galois extension is due to John 
Rognes ^19j. Let A be a commutative S'-algebra and let S be a commutative cofibrant A- 
algebra. Let G be a finite (discrete) group and suppose that there is an action of G on 5 
by commutative A-algebra morphisms. Then B/A is a G-Galois extension if it satisfies the 
following two conditions: 

• The natural map 

A — >B''^ = F{EG+,Bf 

is a weak equivalence of A-algebras. 

• There is a natural equivalence of i?-algebras 

9: BAaB^F{G+,B) 

induced from the action of G on the right hand factor of B. 
Furthermore, B/A is a faithful G-Galois extension if it also satisfies 

• B is faithful as an j4- module, i.e., for any A- module M, BAaM ~ * implies that M ~ *. 
Examples like (jl.ip show that not every Galois extension is faithful. 

2. Recollections on modules over Artinian algebras 

In this section we review some standard algebraic background material; good sources for this 
are PUg. 

Let D he a division ring. A ring A equipped with homomorphisms of rings r/ : D — > A and 
e: A — > D is an augmented D-algebra if the following diagram commutes. 

D = ^D 




A 

The augmentation e splits the unit t]. We will also say that A is an Artinian local D-algebra 
if it is Artinian and local. 

If A is an Artinian local augmented -D-algebra, then the Jacobson radical of A is 

J = rad(A) = kere. 

By [121 theorem 4.12], J is nilpotent, say J^ = and J"'^ / 0. 

Lemma 2.1. Let A be as above and let M be a left A-module. If D®a M = 0, then M = 0. 

Proof. Comparing the two horizontal exact sequences 

J ^aM ^ A(S)aM ^ D(SiaM ^ 



^ JM ^ M ^ M/JM ^ 

we see that if D 0a ^ = then 

M = JM = ... = J'^M = 0. D 



Let M be a left A-module. The socle of M is the submodule 

soc^ M = soc M = {x £ M : Jx = 0}, 

which can also be characterized as the sum of all the simple A-submodules of M. The socle 
series of M is the increasing sequence of submodules 

= soc° M C soc^ M C . . . C soc'' M C soc'^^^ M C . . . C M, 

where for each k the following is a pullback square 

soc'^+i M ^ soc(M/ soc'^ M) 



so we have 

and 

In fact, for small k 



M ^ M/ soc^ M 

soc'' M = {xeM :j''x = 0}, 
soc'' M = M. 



soc'^ M C soc^'+^ M, 

until we reach a value k = kQ ^ e for which soc ° iW = M. 

It is also clear that given a homomorphism ip : iVf — )• N of A-modules there are compatible 
homomorphisms 

soc'' M — y soc'' AT. 

For details on the socle series see [12], especially Ex. 4.18, and [Jj chapter I, section 1]. 

We end this section with a result that supplies an algebraic backdrop for some of our later 
work. We give a proof suggested by K. Brown. 

Proposition 2.2. Let A be a local left-Artinian ring which is not a division ring. Then 

proj dim(A/rad(A)) = gl dim A = oo, 

where A/rad(A) is the unique simple left A-module. 

Proof. Since A is local, it has only one simple module and therefore 

proj dim(A/rad(A)) = gl dim A. 

Also, since A is Artinian it has a left ideal / isomorphic to A/ rad(A). The corresponding exact 
sequence 

(2.1) 0^/ — >A — ^A/I^O 

cannot split since A is local and therefore it has no non-trivial idempotents. 
If 

proj dim(A/rad(A)) = gl dim A < oo, 
then ()2.ip would give 

proj dim(A/rad(A)) + 1 = proj dim(A//) ^ gl dim A = proj dim(A/rad(A)), 
which is impossible. D 

Remark 2.3. We end this section by noting that the above discussion works as well if we assume 
that A is graded, provided this is suitably interpreted. In our work below we are interested in 
Z-gradings which are also 2-periodic, ie., for all n G Z, (— )n+2 = {—)n- This can be interpreted 
as a Z/2-grading. 
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3. Socle series in topology 



Let D be an S-algebra for which ttqD is a non-trivial division ring, t^iD = 0, and the graded 
ring TT^D = D has period two. Suppose that A is an S'-algebra both under and over D, giving 
the following diagram of morphisms of 5-algebras. 



(3.1) 



D 



-^D 





A 



We assume that A = tt^,A is an Artinian local augmented D-algebra, so that the augmentation 
ideal kere is the Jacobson radical of A, rad(A), and also rad(A)'^ = and rad(A)'^~-'^ 7^ 0. 

Remark 3.1. Let M be a left ^-module. Then M = tt^.M is a left A-module and its socle 
sociW is a i^-module through both the unit rj and the augmentation e, and these module 
structures agree since rad( A) = ker e. 



Theorem 3.2. There are functors soc : &a 

(a) for each k, 7r*(soc'^ M) = soc^ M ; 

(b) there are natural transformations soc M 



^A for ^ k ^ e such that 

soc^"*^ M giving a commutative diagram 











-^ vr* soc-*^ M ^ vr* soc^ M ■ 



-^ soc^ M 



-^ soc^ M 



-^ vr* soc^ M ■ 



-^ soc'^ M ■ 



-^0 



-^0 



which is natural with respect to morphisms of A-modules. 



Proof. As D is a graded division ring, soc M is a Z)-vector space. Since M is a D-module via 
the unit we can find a morphism of D-modules 



(3.2) 



\/e"(^)d 



M 



to realize an algebraic isomorphism 

^7 ^*-<J) 



socM C M. 



Now Remark 13.11 implies that the morphism of ()3.2p is actually one of ^-modules. We set 
socM = Vj5]^(j)Z). 

Now we can repeat this on the cofibre M/socM of the map socM — > M, obtaining 
soc(M/ soc M ) — > M/socM. We then define soc'^ M using the right hand pullback square 
in the diagram 

soc M ^ soc^ M ^ soc(M/ soc M) 



socM 



M' 



^ M/ soc M 

from which we see by a standard diagram chase that 7r*(soc^ M) = soc^ M. Continuing in this 
way we inductively build the socle tower 

* -^ soc^ M — > soc^ M — 

using pullback squares 

soc'^+i M - 



,e-l 



. — > soc^"' M — > soc*^ M = M, 
■ soc{M / soc'' M) 



M 



-^ M/ soc'^ M 



for each k. These satisfy 



7r*(soc*^M) = soc'^M. 



D 



An important consequence of this construction is that there is a minimal ko for which 
soc'^'' M = M, so since soc'^""^ M ^ M, using the fibre sequence 



(3.3) 



soc 



fco-1 



M 



M 



M/soc 



fco-i 



M, 



we obtain 7r*(M/soc^o"^ M) 7^ 0. 

Lemma 3.3. The A-module D satisfies 'k.^{D /\a D) ^ 0. 
Proof. There is a diagram of left D-modules induced from ()3.ip 

DAdD = ^ D AdD 



D AaD 
in which D Ad D = D. On applying vr*(— ) we see that 7r*(D A^ D) / 0. 



D 



Theorem 3.4. Let M he an A-module for which vr^M 7^ 0. Then ■n^,{D Aa M) ^ 0, i.e., D is 
a faithful A-module. 



Proof. Using the socle series we can find a fibration sequence as in ()3.3p . 

(3.4) M' — > M — > M", 

where M" = 7r*M" 7^ 0, JM" = and there is a short exact sequence 

(3.5) 0^7r,(M') ^vr,(M) ^7r,(M")^0. 

As remarked in the proof of Theorem 13. 2| M" is weakly equivalent to a wedge of copies of 
suspensions of the ^-module D. So 7r*(M") is a direct sum of copies of suspensions of 7r^{D), 
hence by Lemma l3.3| 7r^,(M") 7^ 0. The fibre sequence ()3.4p induces a commutative diagram 



^ TT*{D Ad M') ^ TT^D Ad M) — ^ 7r*(L> Ad M" 



7r^{D Aa M') ^ 7r,(D Aa M) ^ 7r,(Z) Aa M" 




tt^DAdM" 



in which a non-zero element x G Tr^{D Ad M") lifts to 7r*(D Ad M) and so is in the image of 
composition passing through 7r*(D Aa M). Therefore 7r^,(D Aa M) 7^ 0. D 



4. Lubin-Tate cohomology of classifying spages 

We will denote by E any Lubin-Tate spectrum such as En or E"^ , and then K will denote the 
corresponding version of Morava ET-theory see [3] for details. The spectrum E \s a, commutative 
S'-algebra, while K is an S-algebra in the sense of [7j. The homotopy groups -k^E and -n^K are 
2-periodic and ttqE is Noetherian; ttqK is a field, although K is only homotopy commutative 
if p is an odd prime, while when p = 2 it is not even that. Nevertheless, we will view i^ as a 
kind of 'topological division ring'. 

The following lemma will allows us in certain circumstances to relate modules over E = 
F{BG+,E) to modules over K^^ = F{BG+,K). 
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Lemma 4.1. For any E^^ -module M, there is isomorphism of K -modules 

K Aebg M^{K Ae E) AkaeEbg {K Ae M). 

In particular, there is an isomorphism of K -modules 

K Aebg E^K A^bg K. 

Proof. This follows from an obvious generalization of [7, proposition III. 3. 10]. Since there are 
isomorphisms of £'-algebras K = K Ae E and K^^ = K Ae E^^ , for any £^^'^-module M, 

K Aebg M ^ K Ae{E Aebg M) 

^ {K Ak K) Ae {E Aebg M) 

^ {K Ae E) Ak^^ebg {K Ae M). D 

Remark 4.2. By a standard argument making use of the Becker-Gottlieb transfer ^, after 
p-localization, S°°i?G+ is a retract of I]°°BG'_^ where G' is any p-Sylow subgroup of G. In 
particular, when j5 f |G| we have 

F{BG+,E) r^ E, F{BG+,K) r^ K. 

Theorem 4.3. Let G be a finite group. 

(a) The K-cohomology K*{BGjS) is a finite dimensional K* -vector space and the E-cohomology 
E*{BG-[.) is a finitely generated E* -module. 

(b) If K*{BGj^) is concentrated in even degrees, then E*{BGj^) is a free E* -module of finite 
rank and 

K*{BG+) = K* ®E* E*{BG+) = E*{BG+)/mE*{BG+). 

(c) K*{BGj^) is an augmented Artinian local K*-algebra whose maximal ideal is nilpotent. 
Hence E*{BGjS) is an augmented pro- Artinian local E* -algebra, 

E*{BG+) = limE*{BG+)/m''E*{BG+). 

r 

Proof, (a) See [SI |9] for example. 

(b) See [ini proposition 2.5]. 

(c) Following Remark 14.21 we can reduce to the case where G is a p-group using the transfer 
associated with a p-Sylow subgroup G' ^ G. The case of a cyclic p-group Gpr is well known and 

K*iBCpr^) = K*[y]/{yf''). 

The case of a general p-group G of order p"^ follows by induction on m since there is always 
a normal subgroup A^ < G of index p and this permits an argument with the Serre spectral 
sequence associated with the fibration 

BN — > BG — > BCp 

as used in [16] to calculate K*[BGj^) from knowledge of K*{BN^) as input. D 

It is known that K*{BGj^) need not be concentrated in even degrees [llj . 

We are interested in the ^-algebras E^'^ = F{BG+,E) and K^^ = F{BG+,K), each of 
which is X-local. Of course the diagonal BG — > BG x BG induces the product on each of 
these, but only E^'-' is strictly commutative, while K^^ is homotopy commutative when p ^ 2 
and merely associative when p = 2. At the level of homotopy groups, E*{BGjf-) = tt^^E^^) 
and K*{BG+) = ir^lK ) are both graded commutative. 

Now we can apply our earlier results to give 

Theorem 4.4. For any finite group G, E and K are faithful E^'-' -modules in the K -local 
category. 
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Proof. It suffices to show tfiat K is faithful. By Lemma l4.ll for any i?^*^-module there is an 
isomorphism 

K Aebg M ^ {K Ae E) Ak^^ebg (K Ae M). 

The natural morphism of i?-algebras 

K Ae F{BG+,E) — > F{BG+,K Ae E) 

is a weak equivalence since X is a finite cell E'-module, so by |7, theorem III. 4. 2] it is enough 
to know that 

{K Ae E) Akbg {K AeM) = K Akbg {K Ae M) oo *. 
If M is i^-local and non-trivial, then K A^bg (KAeM) oo *, because we know from Theorem l3.4l 
that K is faithful as a i^-^'^-module. D 

5. Galois theory and E^'^ 

In this section we will consider extensions of the form 

E^'^ = F{BG+,E) — > F{EG+,E) ~ E 

with G a finite group and consider whether or not they are Galois. Since we know they are 
faithful, the issue is whether such an extension satisfies the unramified condition that the map 

G : F{BG+, E) Aebg F{BG+, E) — > F{G+,E) 

is weak equivalence, and therefore there is a weak equivalence 

(5.1) EAebgE^^YIe. 

G 

In particular, this condition implies that tt^,{E A^sg E) is concentrated in even degrees. 
We begin by considering the case of cyclic p-groups Cpr. 

Theorem 5.1. For each r ^ 1, the extension 

EBC.r ^ F^BGpr^,E) -^ F{ECpr^,E) 

is ramified and hence it is not Gpr -Galois. 

Proof. We recall (see for example ^ lemma 5.1]) that 

(^E^C,r),=E*[[y]]/{[f]y\ 
where y € {E p'')q = E^{BGpr ,) and the p-series [p\y has the form 

\p\y = y^^ mod m, 
so for each r ^ 1 the p^'-series is inductively defined by 

[f]y = [p\{¥-^]y)=p'y + --- + y'''''^ + --- 

= y' mod m. 
By the Weierstrass preparation theorem, there is a polynomial 

(jf)y = / H h yP™"^ = yP""-^ mod m 

for which 

[ply = y(f)y{'^ + yfr{y)), 

where friy) G ^*[[y]]- Then we have 

{E^''r^n* = E*[[y]]/{y{pny). 

The (i? p'')^,-module E:^ admits the periodic minimal free resolution 
(5.2) 



SO Tor!;=^^ ^*{E^,E^) is the homology of the complex 



which is equivalent to 

(5.3) 

Since E^, is torsion-free, for s ^ this gives 



(5.3) •<— -E^, -f--- Ejf i — Ejf i--— Ejf i — Ejf -f- 



E^ if s = 0, 

E^/p^E^ if s is odd, 
otherwise. 



(5.4) Torg '^'>''{E,,E,) = { 

Thus in the Kiinneth spectral sequence 

(5.5) ^It = Torg""""")* {E,,E,) =^ ^s+t{E A^bc,. E) 

there can be no non-trivial differentials since for degree reasons the only possibilities involve 
S*-module homomorphisms of the form 

d ^ : ^2k-i,t = Et/p'Et — > ^Q,t+2k-2 = Et+2k-2, 

with torsion- free target. This shows that the odd degree terms in tt^,{E ApSCp,- E) are not zero, 
contradicting the unramified condition 15.11 for a Galois extension. D 

Remark 5.2. If we work rationally, then the Kiinneth spectral sequence 

E^,t(Cp.-; Q) = Torjf ''''''■ )®* {E,Q, EM =^ 7^s+t{Eq A^^sc^.^q EQ) 
has Eg_^(Cp;Q) = except when s = 0, giving 

7r,(£;Q A(^flc^,.)Q EQ) = E,Q ^(^sc,.)^^ E,Q. 

This shows that higher filtration terms in the Kiinneth spectral sequence 15.51 contribute p- 
torsion. 

Now we extend Theorem 15.11 to arbitrary p-groups. 

Theorem 5.3. Let G be a non-trivial p-group. Then the extension 

F{BG+,E) ^ F{EG+,E) 

is not G -Galois. More precisely, this extension is ramified: 

F{EG+,E) AFiBG+,E) F{EG+,E) oo J] F{EG+,E). 

G 
Proof. Choose a non-trivial epimorphism G — > Gp] then for some k ^ 1 there is a factorization 

(5.6) ^ 
inducing morphisms between the associated Kiinneth spectral sequences 

(5.7) EUCp) -^ EL(G) -^ EUGp,). 

As we saw in the proof of Theorem 15. H the two outer spectral sequences have trivial differentials. 
We will analyze the composite morphism E^^(Cp) — > E^^(Cpfc). 

On choosing generators appropriately, the canonical epimorphism CLfe — > Cp induces the 
i?^=-algebra monomorphism 

^eBC,^^ = E4[y]]/{[p]y) -^ {e'^'^p'')* = E4[y]]/{[p%y, y ^ [p>'-^]y, 
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hence the induced map between the two resolutions of the form (j5.2p is 



0^ 



E,^ 



{EBCv)^ 



Po 



0^ 



-E/* 



{E^^> )* 



(E^^p) 
pi 



{p)y 



{EBCv)^ 



{p*")y 



P2 



{E^^> )* - 



where the vertical maps are given by 



P2s- 9{y)^9{[p'" ']y), P2s~i- h{y) ^ h{[p^ ^]y)(/ ')y. 

Applying E^ (^,^Bc^rs (— ) to the first and second rows with r = 1 and k respectively, we obtain 
a map of chain complexes 




where 



P2s 



id, P2S-1 = /■ ^ • • 
Applying this to the odd degree terms given in ()5.4p we see that the induced map 



E^:/pE^, 



-> E^/p'^E, 



is always a monomorphism. Therefore in ()5.7p . the first of the induced morphisms 



E**(Cp 



E!^*(G) — > E^^(C 



is a monomorphism. There can be no higher differentials killing elements in its image because 
they map to non-trivial elements of E^^(Cpfc) which survive the right hand spectral sequence. 
This shows that E^(G) contains elements of odd degree, and as in the cyclic group case this is 
incompatible with the unramified condition. D 

We can extend this result to the class of p-nilpotent groups. A finite group G is p-nilpotent 
if one and hence each p-Sylow subgroup P ^ G has a normal p-complement, i.e., there is a 
normal subgroup N < G with p f |A^| and G = PN = P ^ N. A convenient summary of the 
properties of such groups can be found in [HI section 7], see also [18]. 

Corollary 5.4. If G is a p-nilpotent group for which p divides \G\, then the extension 

F{BG+,E) ^F{EG+,E) 

is ramified and so is not G -Galois. 



Proof. By a result of Tate [21], G being p-nilpotent is equivalent to the restriction homomor- 
phism giving an isomorphism 



res^: H*{BG;¥^ 



H*{BP;¥p), 



and in fact it is sufficient that this holds in degree 1. Comparison of the Serre spectral sequences 
for K*{BG+) and K*{BP+) shows that 

K*{BG+) ^ K*{BP+). 

It now follows that 

E*{BG+) ^ E*{BP+). 
and the result can be deduced from Theorem 15.31 D 
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Remark 5.5. The condition of G being a p-nilpotent group should not be confused with the 
condition that the conjugation action of G on Fp[G] is nilpotent. The latter is used in \19\ 
proposition 5.6.3] to ensure convergence of the Eilenberg-Moore spectral sequence and so to 
prove that for such groups 

F{BG+,H¥p) -^ F{EG+,H¥p) 

is a G-Galois extension. The example of G = S3, the third symmetric group, for the prime 
p = 2 illustrates this. For each of the Sylow 2-subgroups 

{id, (1,2)}, {id, (1,3)}, {id, (2, 3)} 

has as normal complement 

TV = {id, (1,2, 3), (1,3, 2)}, 

therefore S3 is 2-nilpotent. However, the S3-module F2[S3] contains the 2-dimensional non- 
trivial simple submodule 

V = {x(l, 2) + y(l, 3) + z(2, 3) : x + y + z = 0}, 

so by Jordan-Holder theory every composition series for F2[S3] must have this as a composition 
factor. Hence the action of S3 on F2[S3] cannot be nilpotent. 

6. Some observations on the Eilenberg-Moore spectral sequence 

In |19l. section 5.6], it is shown that for a finite p-group G, the Eilenberg-Moore spectral 
sequence with 

(6.1) E2, = Tor;;(^^+^'^'')(F„F,) 

converges to Tr^{F{G+,H¥p)) = tt*([Ig^p)- -^^ comparing it with the Kiinneth spectral se- 
quence for 7r*(iJFp /\f{bg+,H¥ ) H¥p), it is also shown that 

F{BG+,H¥p) -^ F{EG+,H¥p) 

is a G-Galois extension. 

Let us consider in detail the case G = Cp for p an odd prime. The case when p = 2is similar. 
First we write 

H*{BGp) = H*{BCp^;¥p) = ¥p[y]^A{z), 

where y E H^{BGp) and z £ H^{BGp). Then ([SI]) becomes 

EL = r(c7z)^A(<jy), 

where ay G Ef _2 ^^d cjz G Ef _i are the suspensions of y and z, see ^\. Writing 7^ = 7^(0-2:). 
The first non-trivial differential is 

<F~^lp = o-y, 
and we have 

Et = ^plcyiC) ® r(7p2) A(7p^y), 

where C represents the class of az. The remaining differentials are determined by the formulae 

(]P'-P' -1^^^ = ^^^_j^y 

<-"'''-' = Fp[C]/(cn ^ r(7pO ® A(7p-i^y). 

Finally we have 

E~ = Fp[C]/(Cn, 
which is an avatar of Yl^ ¥p. These differentials are forced by the known answer and mul- 
tiplicativity, and are also related to the discussion of |17l section 6]. For Lubin-Tate theory 
[E p'')^ is free over E^, and the comparison of the Eilenberg-Moore with the Kiinneth spectral 
sequence together with our Theorems 15.11 and 15.31 has the following consequence. 
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Proposition 6.1. For the cyclic p-group Cpr the E-theory Eilenberg- Moore spectral sequence 
for BCpr with 

does not converge to '7r*(nc r ^)- 

Just as in the H^p case, we can compare the Morava iC-theory based Eilenberg- Moore spectral 
sequence with the Kiinneth spectral sequence. Work of Bauer 0] on the convergence of the 
Cotor-version of this Eilenberg-Moore spectral sequence shows that the corresponding spectral 
sequence converges for G = Cp and odd primes p, and therefore 

Op 

The extension of S'-algebras K ^ — > K p can be interpreted as a Galois extension of non- 
commutative ^-algebras. 
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